WIENER MEASURE IN A SPACE OF FUNCTIONS
OF TWO VARIABLES(Y)

BY
J. YEH

1. Introduction. The Wiener space C, of functions of two variables is the
collection of continuous functions {x(¢, 7)} on the unit square 0=t, 71
satisfying x(0, 7) =x(¢, 0) =0. Integration on this space was first introduced
by T. Kitagawa in his Analysis of variance applied to function spaces [2].
There he defined the Wiener integral for functionals on C. of the type
H(x(t, 71), * + -, x(ty, 7s)) where H(nu, * * *, %) is a function of rs real vari-
ables {m.k} (h=1,2,---,rk=1,2,--+,5s)and {t;.}, {‘rk} are preassigned
division points of the unit intervals 0=t<1, 0=7=1 satisfying 0=14,=#
£ 2Stn=1,0=721= -+ 27,271 =1. The Wiener integral for
this class of functionals was defined to be
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He gave no proof that this definition of Wiener integral could be extended
to more general functionals or that it had the properties of a Lebesgue
integral.

It is the purpose of the present paper to define an interval class (or semi-
algebra) of subsets of the C; space, a set function on this interval class and
then prove that this set function is indeed a measure defined on the interval
class. Once this is accomplished the measure can be extended to a measure
on the Carathéodory extension of the interval class in the usual way. With
this Carathéodory extension measureable functionals on C, may be defined
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(1) The present proof for the countable additivity of the Wiener measure is a generalization
of an unpublished proof for the one-dimensional case given in lecture notes by R. H. Cameron.
The author wishes to thank Professor Cameron for his advice in the writing of this paper.

433



434 J. YEH [June

and their integration on C, may be considered. This not only makes integra-
tion of more general functionals than those in [2] possible but it also puts
the subject on a firm logical foundation instead of mere optimism.

The definitions of the interval class and the Wiener measure are given by
(2.1), (2.2), (2.3).

2. Definition of Wiener measure for C,. For the convenience we shall use
different notations from those in [2]. Each element of C, will be written
f(x, 9). Then C. is the collection of real valued continuous functions f(x, y)
on the domain 0=x, y<1 satisfying f(0, y) =f(x, 0) =0. A pair of real num-
bers (x, ¥) with 0=x, y =1 is made to correspond to a point in the unit square
of the xy-plane in the usual way. If P is a point in this square with coordi-
nates (x, y), we will write f(P) for f(x, ).

A class g of subsets of a space S is called an interval class if the following
three conditions are satisfied:

1. If I, Ige(ﬂ, then Ilﬂlzeg.

2. &, SEy.
3. If IEy, then there exists a finite sequence of elements of g, Iy, I1, - * -,
I, such that I=I,CLC - -+ Cl,=Sand I,—-I;,.€9 (n=1,2, - - -, n).

A nonempty class § of subsets of a space S is called a field of sets if the
union of any two elements of § and the complement of every element of &
are also elements of §. If further the union of any countable collection of
elements of ¥ belongs to § then § is called a Borel field of sets. In particular
a field of sets is an interval class.

An extended positive valued set function m(I) on an interval class J is
called a measure if it is countably additive and m (&) =0. Here by the ex-
tended positive number system we mean all the non-negative numbers and
+ .

To define an interval class J of subsets of C,, let two finite sequences of
numbers 0=xo<x;1 < * + - <xn=1,0=9<m< - -+ <y.=1 and a Lebesgue
measurable set E of the mn-dimensional Euclidean space R,, be given. Let
a subset I of C; corresponding to the two sequences and the measurable set
E be defined by

I{xl,. C oy Xmy Y1y .’y”,E}
= {fe C2;[f(xly )’1), to )f(xm) yn)] € E}

The mn points in the unit square, (x1, 31), * * *, (Xm, ¥»), and the set E will
be called restriction points and restricting set of the set I. For a given collec-
tion of mn restriction points and a given restricting set a subset I of C; is
uniquely determined by (2.1), but the converse is not true. For instance
for the subset I defined by (2.1) we may throw in a few more partition points
in the intervals 0=<x =<1, 0=<y=1, so that there are p and ¢ additional parti-
tion points on the unit x-interval and the unit y-interval respectively; let
the restriction at each of the additional restriction points (x;, ¥,) be the trivial

(2.1)
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restriction — o <f(x;, y;) <+  and let the restriction set be EQ Rpny gmipar
a Lebesgue measurable set in Rimip)n+q- Lhe subset of C; defined with the
(m+p)(n+q) restriction points and the restricting set Rinip) o is identical
with the one defined by (2.1).

Now let g be the collection of subsets of C; of the type (2.1). To show that
g is an interval class, or even more that ¢ is a field of sets, we observe the
following. When we have two sets Il{xu, C o Xlmp V1L, Vg El} and
Iz{xm, e, Xamg Yo, c * *y Vamp E2} we can make them comparable in
terms of their restricting sets by using the Cartesian product of the partition
points {xu, cee, xl,ml} U {le, <, xg,m,} and {yu, <., yl_,,l}
Ulya, » -+, Y2.n,} as their restriction points by means of adding trivial re-
striction at each newly introduced restriction point and extending their re-
striction sets to two Lebesgue measurable sets E/ and E{ of the same
Euclidean space. Then in comparing I; and I. we only have to compare E{
and EJ. This procedure can be generalized for any finite collection of sets
L, I, - - -, I,. If restricting sets E;, E, - - -, E; are extended by the above
procedure to E/, E{, - -, E/ all in the same Euclidean space then I3
=1Ll if and only if E{f =E{\JUE{, I,=(I,)° if and only if E{ = (E{)* and
I;=IiNI; if and only if E{ = E{ NE;. From the first two of the above three
propositions and from the fact that the collection of Lebesgue measurable
sets is a Borel field of sets, it follows that ¢ is a field of sets and in particular
an interval class.

Now if an interval I€J is defined by (2.1), then m(I) is given by

(2'2) m(I) =f(";n)fw{xl) Tty Xmy Y1y vt ’yn}dull <o dUmn

where

W{xly"'!xmyyl""7yn}
1

2.3)  {em[mam — ) - @ — 2 " 1Oz — 1) - - (Gn — e D]}

m n ui'—ui,'— _u'._'._l_u‘._’._ 2
-exp{—zz[] -1 1.j 1:1]}

i=1 j=1 (% — 2i-1) (y5 — ¥i-1)

with the understanding that #o,;=u:,0=0. Now in view of the fact that m(I)
for the interval I as given by (2.1) is defined by means of the restriction
points and the restricting set that appear in (2.1) and that the expression of
an interval by restriction points and restricting set is not unique, it is neces-
sary to prove the independence of the value m(I) from the choice of restric-
tion points and restricting set of I. This is done in §3.

3. Uniqueness of the definition of the set function m(I). To prove the
uniqueness of the definition of m(I) we show that when a finite number of
partition points of the intervals 0=x=1, 0<y=<1 are added and trivial re-
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strictions are added at the additional restriction points, the value of m(I)
remains unchanged. It suffices to consider, for instance, the introduction of an
additional partition point £ satisfying xx_; <£<x; together with trivial re-
strictions at (¢, y1), - -+, (& ¥.). With the partition points xi, - - +, %1, &,
Xy © + +, Xmand yi, + -+, ¥a, m(I) is given according to (2.2), (2.3), by

m(l) = f(mn)fWxl,---,xm,yl,---,y,.}

{xk 1 E: Xky Y1, © ° * yn}dully ) dum.n

3.1)

where
K{xk—ly & Xy, Y1, 0 0 0, y"}
(2 — Hp—1)™/?

72§ — ;o) (@ — O]yl — ) -+ - (9a — yu) ]2

Lo Lo E 0605

— Vj_1 — Up—1,j + Uk ;—1)2
(& — m-1)(y; — ¥i-1)
(,; — Wi,jm1 — Up—1,; + uk—l.j—l)2:|}
dvl ..
(o — 26-1) (¥; — ¥5-1)

(3.2)

_|_

- dv,.

Thus, for the uniqueness of m(I) we only have to show that

K{xk—I! E’ xk) }’1, ¢t F) yn} = 1.

In evaluating K if we let wy=v, wo=v:—v;, + * +, Wy =v,—2,1, then the
integral in the right hand of (3.2) becomes

{ ﬁ: (ur,; — we,j1 — 1,5 + uk—la'—l)z}
ex
P j=1 (e — 26-1) (¥i — ¥i-1)

3.3) ﬁ[f_w exp {_(uk,,- — g1 — w))?

1 (w — &) (y; — y5-1)

(wj — we—r; + uk—l.i-l)2} :l
— dw,' .
(¢ — %) (95 — yi-1)

For the integrands in (3.3) we write
(e — o1 — w)* (w5 — 1,5+ ti—1,7-1)*

(e — &) (i — yi-1) (¢ — 2—1) (95 — 9i-1)
2 B\? B?

(3.4)
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where
Xk — Xk—1
4= ’
(e — O (& — 2e1)(y; — yi-1)
3.5
I R _ Ur,; — Uk,j—1
¢ — )i — i) (m— 5 — yi-1)
and
_ (ur,; — tr,j—1)? (—%—1,; + tr—1,j—1)*
(o — &5 — 9i-1)  (E — m—)(y; — y5-1)
and hence
(3.6) c— 22 _ (’uk,j = Uk,j—-1 — Uk—1,; + uk—l.j—l)2 .

4 (xx — ®a—1) (¥5 — ¥i-1)
With (3.4), (3.6), each of the # integrals in (3.3) becomes

{ (w5 — Wp i1 — 1,5 + uk—l.j—l)z}
exp | —
(2r — x—1) (95 — ¥i-1)

© B 2
Lo 2}

3.7

and finally with (3.5),

[ {-a(er yom

3.8

©-8 (E)" - [ B e
“\4 Xk — X1

By (3.2), (3.3), (3.7), (3.8) it is seen readily that K {xx_1, & %k, 91, - * * , ¥a} =1

and the uniqueness of the definition of m(I) is established.

4. Properties of m(I). From (2.2), (2.3), the value of m(I) is non-negative
for any I€ 9. We point out here that m() =0 and m(C;)=1. Let 0<x, =1,
0<y1=1, and & and C; be given by

& = {f € C; f(x1, 1) € Dr and Coff € Co; f(21, 1) € Ry}
then by (2.2), (2.3)

2
%11

1
_— — d = 0,
m(J) (rxxyl)‘/’f¢g exp{ xm} w11

(C) ! f { n } dur, = 1
m(Cy) = —— exp < — u; = 1,
(le)'l)”"' Ry XY '




438 J. YEH [June

We also point out that m(I) is additive i.e. if I, ,&g, INI,= & and
I JI,&g then m([,\JI,) =m(l,)+m(l;). This can be easily seen if we ex-
tend, if necessary, the restricting sets of the two intervals to two sets in the
same Euclidean space by adding restriction points and trivial restrictions on
the additional restriction points.

5. Countable additivity of m(7I). To show that m([I) is a measure on g it
remains to show that m([) is countably additive, i.e. if {I,,} is a countable
collection of elements of § such that I.N\I;= & for 155 and U,~; I,E 9, then
m(Uy_y 1) = D_2>ym(l,). In §5 we prove Theorem I which is an estimate
of m(I) when I is an interval disjoint from a subset of C, defined by a Hélder
condition. The proof of countable additivity of m([) is based on this estimate
and is given in Theorem II, §8.

5.1. THEOREM 1. Let v be a fixed constant satisfying 0 <y <1/2 and a be
an arbitrary positive number. Let a subset of Cs, A, be defined by

Aa = {f € Caj | f(x2, 33) = flarr, 3) |
§ a[(xz - x1)2 + (y2 - y1)2]7/2, 0 é X1, Y1, X2, V2 < 1}.

(5.1)

Then for any interval I disjoint from A,
(5.2) m(I) < ca™8/1-2
where ¢ 1s a positive number and is independent of a.

We prove Theorem I by showing that if an element f of C, does not be-
long to A, then it belongs to an element of a finite collection of intervals
{J.} so that if INA,=F then ICUx J» and m(I) £ 3, m(J,). The inter-
vals J, are so chosen that »_, m(J,) <ca=% =27, The above is done by means
of Lemmas 1-4 which we prove in §§5.2-5.5. The proof of Theorem I itself is
given in §5.6.

5.2. The first lemma.

NotaTioN. Let # be a positive integer and consider two sequences of
numbers 0=§£ <6< -+ - <&n=1, O=ne<m< - -+ <y»=1 where &;, n;
=j/2»for j=0, 2,4, 6, - - -, 2™ Let ®* be the collection of points of the unit
square defined by

®F = { P, m} = (&2, nn), Lm=0,1,2,---, 2%, k=0,1,2,---,n

We shall often write P* to mean a member of ®*. Let X* { 1, m} be the straight
segment connecting the two points P* { -1, m} and P* { A m} forl=1,2, .-,

2% m=0,1,2, - - - 2% k=0,1,2, - - - ,mand Y"{l,m}bethestraightsegment
connecting the two points P"{l, m—l} and P"’{l, m} for!=0,1,2, - - ., 277k
m=1,2,---,2"% k=0,1, 2, - - -, n. When we are not particularly con-

cerned about their positions we will write merely X* and Y* for X*{/, m} and
V{1, m}.
Byd°® we mean the collection of right triangleswith vertices PO{1—1,m—1},
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Po{l, m—1}, P°{l, m} or with vertices P%{I—1, m—1}, P{i—1, m},
PO, m}, (¢, m=1,2,---,2% and by Q! we mean the collection of squares
with vertices P'{l—1, m—1}, P{l, m—1}, P{i—1, m}, P{l, m},
(I, m=1,2,.--,271), The letter Q is reserved for the unit square.

The length of X*{I, m} and Y*{l, m} will be denoted by Ax. Then A
=2k/27=2%n independently of ! and m in case k=1, 2, - - -, n, but when
k=0, \; depends on ! and m and we only have the estimate 0 <A <A;=2'""
Every element of Q! has four sides of equal length A;.

For any two points Pi(x1, y1), Pa(x2, y2)EQ, the symbols d(Pi, Ps),
dz(Pl, Pz), du(Ph Pz) mean

d(Py, Ps) = [(x2 — x1)2 + (y2 — y1)2] /2, d.(Py, P;) = | Xy — xll ,
dy(Py, P) = | 32 — ] .

In connection with the above definitions we make a few remarks.
REMARK 1. From the definition of ®* it follows that

@+ D @+ (E=0,1,2,--,n—1).

Thus for any point on Q which is also an element of ®°, the superscript k is
not unique. However the largest superscript for the point is unique and will
be called the index of the point. Then it follows that if k¢ is the index of
PE@®°, then PE®* for k<ky, and P& ®* for k> ko. On the other hand for a
segment on Q which is an X* or a Y* the superscript % is unique and such a
segment will be referred to as an edge of index k.

REMARK 2. If P=Pk{], m} where k, is the index of P and PEX* then
either P is an end point of X* and hence PE®*, ky=k, or P is not an end
point of X* and hence P & ®*, ko <k. In the latter case P’“’{li 1, m} E@hot1)
where ko4 1=k. A similar statement holds when P& Y*.

REMARK 3. Suppose Po=P®{l, m,} where k is the index of Py and Py
is on some Y*. If Py is not an end point of Y*, then there is a sequence of
points Py, P1, P,, - - -+, Pgon Y* with decreasing (or increasing, if you wish)
y-coordinates such that the indices ko, ki1, k2, - - -, kg1 of Py, P1, Po, -+ -,
Py, satisfy ko<ki<k:< - - - <kg=k; in particular, Ps is an endpoint of
Y* and d(Po, P1)=Ns,, d(Pr, P2)=MNi, - - -+, d(Pp1, Pg)=Nis_;. A similar
statement holds when P, is on some X*,

Proof. If P, is not an endpoint of Y*, ie. if PycE®* then ko<k. Let
Py=Pu{l, my—1} which belongs to ®%*! by Remark 2. If P;E@*, let
Py=P{l, m}. If P& let by be the index of P; and Py=Pa{L, m;} where
ko <ko+ 1=k and & < k. We now repeat the process by letting P,
=P’°1{l1, ml—l} which belongs to ®%+! by Remark 2. If P,E@*, let P,
=P*{l, my}. If P, ®*, let k, be the index of Py and Py=P¥2{l,, m,} where
ki <ki+1=ks and ks <k. Thus repeating we obtain a strictly increasing se-
quence of integers ko<ki<k:< - - - each of which satisfies k;<k. Since
the difference between k and k, is finite, % is reached in a finite number of
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steps, say in f steps. Then we have Pgs& ®* with kg=*k. By the choice of
Py, Py, - - -, Pgitisclear that d(Po, P1) =M,, d(P1, Ps) =Nsy, + * + , d(Pp_1, Pp)
=Nig.

We now state and prove Lemma 1 with the Remarks.

LeEMMA 1. Let f(P) be a real valued function defined on ®°. Suppose f(P)
is such that if P1, Py are the endpoints of some X* or Y* then

(5.3) | f(Ps) — f(P)| = bad*(Pi, P3) where a > 0,b = (1 — 27-7)/16

and
0<y<1/2
Then for any P,, P.E@®°,
(5.4) | f(P2) = f(P1)| < ad¥(Py, Py).

Proof. Let Pl, P, &®° and P1=(E,,, ﬂp'), P2=(£q, an) and P3=(£q, ﬂpr).
Since d” does not satisfy the triangle law, one cannot get a satisfactory esti-
mate by going by short steps in a straight line from P; to P;. In order to take
fewer (and hence longer) steps, it is necessary to zigzag along the edges of
larger and larger squares for which the inequality is known to hold. In this
way the number of steps of each length is kept bounded, and the sum of d7
distances can be satisfactorily estimated.

Consider f(P3) —f(P1). If p=g, then P;=P; and the difference is 0. There-
fore assume, without loss of generality in the proof, that p <g, and consider
the set of integers p, p+1, - - -+, ¢. Everyone of these integers except pos-
sibly for p which may be 0, can be written as [2¥ with an odd integer /. For
an odd integer the exponent k is 0 and for an even integer 2 can not be 0
and is the largest possible integer for that numbper because ! is an odd integer.
Let £ be the greatest of all the unique exponents of p, p41, - - -, g. Let r
be a member of the set {p, p+1, -, q} with this greatest exponent k. Then
7 is unique for the existence of two such numbers would contradict the maxi-
mality of k. Now let r =I2¢. We have p <r <¢ with p <g¢. Let P; = (&, n,/) and
consider f(Ps) —f(P%). If r=q then P;=Pj; and the difference is 0. Let us
assume then that r <q and express ¢—r in the binary scale

q_r=2k¢+2k¢_1+...+2k1+2k0

(5.5) .
with kg > ke1> -+ > k1> ko2 0.

We point out that k> k., for otherwise the choice of r would be contradicted.
It is clear that Pj = (£, 1,/) is on some Y* and P3= (£, ,+) is on some Y*o,

If P; is not an endpoint of the Y*o then according to Remark 3 there exists
a sequence of points Poo(=P3), Poi, Poz, * - * , Po,g, on the Y* with decreasing
v coordinates such that the indices koo, ko1, ko2, - * *, k0,801 Of Poo, Po1, Poz,
-+, Pog1 satisfy koo<kou<ko< -+ <kos,=ko and furthermore
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d(Poo, Por) =Nkggy G(Por, Po2) =Negp * * * » A(Po,gy—1, Py.8,) =Nio.8,-1, and in par-
ticular Py, is an endpoint of the Y%, Let P0,50=P"°{lo, mo} . If P;is an end-
point of the ¥® to begin with, let Py= Py ,=P*{ly, mo} with fo=0. In any
case Pko { lh—1, mo} is on some Y* by (5.5). Now we iterate the above process.
If Pko{ly—1, mo} is not an endpoint of the Y*, then according to Remark 3,
there exists a sequence of points P10(=P"°{lo—1, mo}), Py, P, - -+, Prp,
on the Y* with decreasing y coordinates such that the indices ko, ku, k2,
sy kg of Py, P, Pig + -+, P11 satisfy koSkio<kn<ki< - -
<kip, =k, Ad(Pro, Pu1) =Niye A(Pr1, Pra) =Nty + -+, &(P1,g1, P1,g) =Ney 811
and in particular P, is an endpoint of the V*. Let Py =Pt {l, m}. If
P"°{lo—1, mo} is an endpoint of Y*' to begin with, let P*(ly—1, m¢) =P,
= P*(},, m,) with B;=0. In any case P*1(,;—1, m,) is on some Y*2 by (5.5).
Thus repeating we reach a point P,,,,sa=P’°a{la, ma} which is an endpoint of
some Y*e, Then by (5.5), P"a{la—l, ma} is on some Y* and has the same x
coordinate as P;. Let P"a{la—l, ma} =Pa+1,o=P"a+1{la+1, m.,+1} with ka g,
<k.;1=k. In this manner we construct a sequence of points which consists
of a4 2 subsequences, {Poo, Po, Pogy * - - ,Po,ﬁo}, {Plo, Py, P, - - -, Pl,gl},
oy {Paos Pa, Paz, * * *y Pagy}, { Patr0} with Bo, By, - -+, Ba20 and a
sequence of integers which consists of a+2 subsequences

{ koo, Bon, Roz, + + + 5 Boge}, {Rro, Buyy Ban, - -+ Ragf, - v oy
'{ka.O, ka,l, ka,2’ R ka,ﬁa}) {ka+l}

with the property koo<ku<kin< « - <kog,Skio<ku<ke< - <k
Sko< ¢ v 0 <Ra1y Skao<kan <0< -+ - <Rap,Zkop1. Furthermore
Po,po, Pl,pl, ctty, Pa,pa, Pa+1_o have ko,go=ko, k1,51=k1, c oty ka,pa=ka, ka+1 as

their superscripts and each P, ; of the rest of the sequence has k; ; as its
index. Any two successive points in the sequence are the endpoints of an edge
whose index is equal to the suffix of the first of the two points. This edge is
parallel to the y-axis in case the two points belong to one of the 42 subse-
quences and it is parallel to the x-axis if they belong to two consecutive sub-
sequences. In particular Pog=P; and Pg,1,0 has the same x-coordinate as Pj.

Let the projection on the Y* containing Pj of each member P, ; of the
sequence Poo, Poi, - * * , Pay1,0 be denoted by P}; and consider the sequence
Pgo, Py, - - -, PEi1o Any two successive points are the endpoints of an edge
parallel to the y-axis with an index which is equal to the suffix of the first of
the two points provided the preimages of these two points belong to one
of the a+2 subsequences, otherwise they are coincident. We notice that in
particular P}, o=Pai1,0. Let us use the sequence of points Poo(=P3), Po,,

) Pa,ﬁa) Pa+1.0(=P:+1,0=P:,aﬂ)’ P:,aB—lr R P:)kl, P:0(=P:) as inter-
mediate points between P3; and Pj in estimating f(P3) —f(P3). Then by (5.3)

ka ke )
| f(P) = f(P#)| < 20 20N < zba(z"‘"” +2 z"‘"’*),

=0 =1
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From the fact that 0<y<1/2, it follows that 27<1/(1—27), 20-mv
<2-m1/(1—2-7)= Y ;% 26-m7 and hence

—00

| f(Ps) — f(P&)| < 2ba 3 26-m
(5.6) =ka
= . 2ba
= 2ba2 ka—n)y E 2G—ke)y = Jka—n)y,
i=kq 1 — 27

Let us then estimate d(Ps, P3). The x-coordinates of P; and Pj are §, and
¢, and g—r is given by (5.5). If k,=0or 1, in (5.5), then ¢g—7 =3 and by (5.3)

3ba

| f(Po) = (P | < 3bad(Ps, Pi) < ——— d"(Ps, P¥)

5.7
5.7 for kb = 0, 1.

Let k,=2. Since £,>(¢—1)/2* whether ¢ is even or odd and similarly
£, <(r+1)/2™ we have, according to (5.5)

>(q—l)—(r+1)gz’0«—2 1

d(Py, P§) = tq— & = > — Qkan,
(P, P§) = & — & o » 5
(5.8) .
dv(P;, P¥) = _2_ 2 tka—n)v,
From (5.6), (5.8)
4ba
(5.9) | f(P) = f(PH| < = d"(Py, PE) for ka2 2.

By (5.7), (5.9)

4ba

(5.10) | /(P — f(PF)| < d7(Ps, P3¥).

1— 27

Exactly the same estimate as (5.10) holds for the pair P; and Pj and from
the fact d(Pl, P3) gd(P;;, P;), d(Pl, P:), we have
8ba
1 — 2

(5.11) | /(P — f(P) | < d7(Py, Ps).

Again exactly the same estimate as (5.11) holds for the pair P, and P; and
from the fact that d(Pi, P;) 2d(P1, P3), d(P2, P;) and

16ba
2_7 dV(Pl, P2) = dd7(P1, Pz)

| 7/(Py) — f(PY)] < :

This completes the proof of Lemma 1.
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5.3. LEMMA 2. Let a real number be assigned to each element of ®°. Let f(P)
be defined on the unit square Q in such a way that f(P) takes on the preassigned
values on ®°, is linear on each element of the collection of triangles 9° and for any
Py, P,c@°

(5.12) | f(P2) — f(P1)| < adv(Py, Py).
Then for any P, P,E€Q,
(5.13) | /(P2) — f(P1)| = 22ad7(Py, Py).

Proof. Let P;, P:EQ be arbitrarily given. Let P; have the same x-
coordinate as P; and the same y-coordinate as P;. Consider f(P3) —f(P)).

Cask 1. If P,, P; are contained in one element of ¥#° let P¥, P} be the
projections of Py, P; on the side P, P; of the triangle which is parallel to the
x-axis. Then from the linearity of f(P) on the triangle and by (5.12)

d( P, P3) l

2P, Py f(PF) — (P |

| f(Ps) — f(P)| = | f(P#) — f(P¥)| =

(5.14)
- &Py, Py)

= Gy 7y TED ~ PO S adr (P P,

Caskg 2. If P, P; are contained in one element of !, then the segment
P,P; is contained in at most four elements of #°. Using the intersections of
P, P; with the boundaries of these triangles as intermediate points between
P, and P; we have by (5.14)

(5.15) | f(Ps) — f(P)| = 4ad?(Py, Py).

Cask 3. If P, P; are contained in two adjacent elements of Q! then the
segment P P; is contained in at most eight elements of #° and hence

(5.16) | f(Ps) — f(Py)| = 8ad*(Py, Py).

CasE 4. Finally when P, P; are not in one or two adjacent elements of
Q1 let Q}, Q3 be the two elements of Q! which contain Py, P; respectively.
Let the intersections of the segment PP; with the boundaries of Q}, Qi be
Py, Ps respectively. Of the two endpoints of the edge of Q! that contains
Py, let Py, be the one contained in the same element of #° as P;; and let Ps,
be chosen in the same way. Then P, P;; have the same y-coordinates. Con-
sider the chain of points Pi, Pu, Py, Py, Py, Ps. For the pair Py, P;; and the
pair Py, P3, the estimate (5.15) holds; for the pair Py, Pz and the pair Pg,,
Py, the estimate (5.14) holds and for the pair Py, Ps the assumption (5.12)
holds. Furthermore d(P:, Ps) 2d (P12, P3:) and d(Piz, P3) is greater than any
one of d(Pl, Pu), d(Pu, Plg), d(Paz, Psl), d(Pal, Pa) Hence

(5.17) | f(P3) = f(P1)| < 11ad¥(Py, Py).
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From (5.14), (5.15), (5.16), (5.17), the estimate (5.17) for Pi, P; for all
cases holds and with exactly the same estimate for the pair P;, P; we conclude
that

| f(P2) = f(P) | < 220d7(Py, P).
Combining Lemma 1 and Lemma 2 we have:

5.4. LEMMA 3. Let f(P) be a real valued function defined and continuous
on the unit square Q and linear on each element of 3°. Furthermore let f(P) be
such that if P, P are the end points of some X* or Y*

(5.18) | f(P2) — f(P) | = (1 — 27")ad*(Py, P2)

22 X 16
holds. Then for any Py, P,&Q
(5.19) | f(Ps) — f(P)| = ad(Py, Py).
5.5. LEMMA 4. Let 0= x1 <% =1, 091 <y: = 1. Then for the interval
(5.20) I={f€ Cs; | flas, 3) — flar, y) | > a] 22 — mt |7},
m(I)=0 in case y1=0 and if y,#0

(5.21) m(I) < exp{— —a—z—-} .

(%2 — 22)"2y;
Similar estimates hold for the interval
I={f€ Cy |flar, y2) — flx1, 30 | > a| 32 — 3|7},

Proof. The set I given by (5.20) is an interval with restriction points
(%1, y1), (x2, y1) and restricting set E= { (s11, u21) ERy; lugl—uul >a| X2—x1l ‘f} ,
a Lebesgue measurable set in R,. In case y,=0, then since f(x, 0) =0 for
0=<x =1, the interval defined by (5.20) is an empty set and m(I)=0.

Let y:5#0. By (2.2), (2.3)

2 2
1 u Uzl — U
m(I) = ff exp{— 1 —_ ( u ll) }duudun.
W[xl(xz - xl)]l”yl E X1)1 (xz - xl)yl
With the transformation v, =wu11, v2=1ua —un, the restricting set E becomes
E={(v1, m)ERy, — ® <0,< o, |12] >b} where b=a|x;—x:|7. Thus

m(I) = (s _lxl)]myl{f_: exp{— xi};l}dvl}

v
. {f exp{————} d'l}z} .
|v2|>b (%2 — z)M1
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The value of the first integral is (wmx:1y:1)/2. To estimate the second integral let
w=v,—b; then

2
—_— ] —_— b 2
f exp {—v?_} dvy = zf exp {&} dw
93] >b (%2 — 20)y1 0 (%2 — %)y

—p2 © —?
s zep{ =) [“ep{ = L
(x2 - xl)yl 0 (xz - xl)yl

The value of the last integral is (w(x2—x1)y1)/2/2. From these evaluations
and estimates, (5.21) follows.

5.5. Proof of Theorem I. With notations introduced in §5.2, the set 4,
may be written: 4,={f€C; |f(P2) —f(P1)| Sad” (Py, Ps), Pi, P,EQ}. Let
IEY, INAa= and I={fEC, [f(x1, M), -, f(x: ¥:)]EE} where
0<u; <x2< + » + <x,=1, 0<y<y< -+ <y,=1 and E is a Lebesgue
measurable set in R,,. Let # be so large that

2 < minfay, x2 — X1, ¢, T — Kamt, Y, Y2 — Y1, 0 0 0, Ve — e}

and 2'7"<1—x,, 1—y, in case x,7#1, ¥,7#1. Consider partitions of the inter-
vals 0=x=1, 0=y=1 into the subintervals of length 2=* by the partition
points £ =21/2% (1=0,1, 2, - « -, 2*1), pom=2m/2%, (m=0,1,2, - - -, 27-1),
Each interval &1y <x <£2; contains at most one x;, (¢=1, 2, - - -, s). If it
contains one x; let £y 1=ux;; otherwise let &;_1=(£20_1y+£2)/2. Then
{xl, Xy, ¢+ ,x,} C{S‘, £, - - -, Eg"}. We choose odd numbered %; in the same
fashion so that {yl, Yoy ¢ v ,y,}C{m, Noy * * * 712"}. Let

0 = {(sl, ’71)’ Tty (52"7 772")} D {(xl’ 3’1), R} (xly yl)}

Let ®° be restriction points of I by adding trivial restrictions at the addi-
tional restriction points and extending E to a Lebesgue measurable set E’ in
Ry,

For any f&1, let f* be such that f¥=f on ®° and f* is linear on each ele-
ment of #°. Since f* agrees with f on the collection of restriction points ®° of
I, f*&1I and hence f*& 4,. Then by Lemma 3 f* must violate (5.18) at the
endpoints of some X* or Y* Since f agrees with f* on ®° which contains end-
points of X*, V* f violates (5.18) at the endpoints of some X* or Y*. In other
words fEJ.{k, I, m} or fET,{k, I, m} for some k=0,1,2,---,n;l, m
=1,2, -, 2" % where

Tk, 1, m} = {f € Co; | f(PH{1, m}) — j(PH1 — 1, m}) |
> bd?(PH{1 — 1, m}, P*{1, m}),

Tk, Lm} = {1 € Co; | f(PH1L, m}) — f(PH{1, m — 1}) |
> bdv(PH{1, m — 1}, P{1, m}),
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(5.22)

= 1 — 27)a.
22><16( )

We remember that J,{k, l, 0} =J,,{k, 0, m} = .
It follows then that

2»—14 2n—l:

ICCJ U U ({k 5,m} U Tk 1, m)),

k=0 l=1 m=1

and from the finite additivity of m

on—k

D) £ 2 X T im0k Ln)) +nlk L)),

By Lemma 4

m(],{k, l m}) = exp{ - } = exp{ —¥ } ,

(E12r — Eqony2t) 0 net (&1 — Eqp) ™

and from the independence of the last estimate from m and from the inde-
pendence and the similar estimate for m(J,{k, I, m}) from I

n

m(I) £2) %k 2k exp{ —¥ } .

k=0 1=1 (ki — Eqonap) ™

In the summation above, for k=0, £{;—£,.1<2/2" and for k=1, £ppF—Eq 1ye*
=27 and consequently

n
m(l) <2 [41. exp{ _b22(u—l)(1—27)} + D 4k exp{ _b22(n—k)(1—21)} ]
k=1
Reversing the order of summation in the second term above and then noticing
that the first term above is four times the (#—1)st member of the second
term after the reversion, we have

m(I) < 2|:4 X 4n—1 exp{ _bzz(n—l)(1—21)} + E 41 exp{ _b22(k—1)(l—27)}]

k=1

(5.23) < 10 ) 4+lexp{—p2¢-Du-2n}

k=1

= 10 D 47*#4% exp{ —bp222% (-2},
k=0
To estimate the last series let us consider the function ¢(«) =u? exp { —b2u*}
for u =0 with A> 0. This function has exactly one maximum at #max = (2/Ab%)1/*

and the maximum value is given by ¢(#max) = (Nb%/2)~2*. If we identify u
with 22 and N with (1 —2v)/2 in the last member of (5.23) then
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- 27)b2e} —4/0-2m)
- )

42k exp{ _b222k(l-—27)/2} < {
- 4

and hence from (5.23), (5.22),

1_ 2 er —4/(1—2y)
m(I) £ 10 {(———4—7)—} > 4k

k=0

40{(1 - 291 - 2-’)2‘3} T e
= — a - )
31 (2Xx16x22):

This completes the proof of Theorem I.
6. Compactness of A4,.

LEMMA 5. The subset A, of Ce defined by
Ao = {f € Co: | f(P2) = f(P)| S ad?(Py, Py), Py, P2 € 0}

15 compact in itself in the weak topology of Cs, i.e. for any sequence { f,,} CA.
there exists a subsequence {fn,} which converges point-wise on Q to an element

foeAa-
Proof. Let 0= (0, 0). Then for any fEA4,, PEQ,
(6.1) |£P)| = [7(P) = £(0)| = adv(P,0) < 2!,

Let {f.} be an arbitrary sequence of elements of A, and {P.} be a
countable collection of points which is dense in Q in the usual topology. For
each P,, the sequence of numbers {f,,(Pa)} is bounded according to (6.1)
and hence has a convergent subsequence. Let { fl_n} be a subsequence of
{f} which converges at P;, {f2..} be a subsequence of {f,.} which converges
at P, and so forth. Then the subsequence {g.} of {f.} where g,=fn.. con-
verges on {Pa } Let us define a function f, on {Pa} by fo(Pa) =lim, . g.(Pa).
For any P,,, P,,& {Pa}, since g,EA4,,

(6.2) | fo(Pay) — fo(Pa) | = lim | 8a(Pay) — ga(Pa) | = ad?(Pyy, Pyy).

To extend the definition of fo to the entire Q, let PEQ and {P,} C{P.}
be an arbitrary sequence which converges to P and define fo(P) =lim,. fo(P;).
The limit exists by Cauchy criterion for lfo(P,-,) —fo(P,-l)l <ad~ (Ps,, P.:,) by
(6.2) and lim,, iy.e d7(Ps,, Pi,) =0. The definition of fo(P) above is unique.
For if another sequence {P;} C{P.} also converges to P, then

llmfo(P,) — lim fo(P,) < lim dd"(P,‘, P]) = 0.
J— oo {— o i,J—

The function fo(P) defined above is continuous on Q. To show this let
{P;} CQ be an arbitrary sequence which converges to P, and for each P; let
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{P1} C{Pa} be a sequence which converges to Py, and let {P;}C{P.} be
a sequence which converges to P. Then

lim fo(P1) — fo(P)

1w

lim lim lim g,(P;x) — lim lim g,(P;)

]—® k—>®© n—ow i— o n—ow

< lim ad" (P, P;) = 0.

lLk,i—> o

To show that fyEA4, let P, P’€Q and {P;}, {P;} C{P.} be two subse-
quences which converges to P, P’ respectively. Then

| fo(P)) — fo(P)| =

lim lim g,(P;) — lim lim g,,(Pi)’

jo e nowo i—w n—ow
< lim ad"(P,, P;) = ad?(P, P’).
i,j— o

Finally to show that lim,., g.(P)=fo(P) on Q, let ¢>0 be given,
{Pi} C {Pa} be a sequence which converges to P, i, be so large that d(P, P)
=< (¢/3a)"7 and N be such that |g,,(P,~O) —fo(P,-o)[ <e€/3 for n= N. Then since
gny fO eAa

| ga(P) = fo(P)| = | ga(P) — gu(Pi) | + | gu(Pi) — fo(Ps,) |
+ | fo(Pi) — fo(P) |

< ad"(P;, P) + g t ad"(Piy P) S forn= N

and lim,., g.(P) =fo(P). This completes the proof that the subsequence
{gn} C {f,,} converges to foEA,.

COROLLARY. Let JE g be defined by st restriction points (x1, y1), + + =, (%s, Ye)
and a set G closed in the usual topology of Ry Then JMA4 is compact in itself.

Proof. Since a set closed in the usual topology of a Euclidean space is a
Lebesgue measurable set, J is indeed an interval. Let a sequence { f,,} CJNA,
be given. By Lemma 35, there exists a subsequence {g,,} of { f,,} which con-
verges to an element fo of A,. To prove the corollary it remains to show that
fo€J also. From the pointwise convergence of {g,,} to fo on Q and in par-
ticular on the restriction points, it follows that

lim [gn(xl) 3’1), ) gn(xn yt)] = [fO(xl’ yl)) te 7f0(x87 yl)]

in the usual topology of R,.. Then since {f,,} CJ, [galer, 31), =+« ga(s, y0)]
€G and since G is closed, [fo(x1, 31), - * *, fo(xs, ¥0) JEG and foEJ.
7. LEMMA 6. Let I E g be defined by st restriction points (x1, y1), * + + , (X, Y)

and a Lebesgue measurable subset E of Ry as restricting set. Then for any €>0
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there exists a closed set GCE such that the interval J defined by the same st re-
striction points and with G as restricting set satisfies m(I —J) <e.

Proof. If E is a Legesgue measurable set in Ry, then for any €,>0 there
exists a closed set GCE such that (Leb)m(E—G) <e. Let

€ = f{""[xl(xz —x1), -, (X — xc—l)]‘[yl(ﬂ =)y — yt—1)°}]l/2'

The interval I —J is defined by the same st restriction points and with the
measurable set E—G as restriction set and hence by (2.2), (2.3)

m(J — I) =f§st)c fW{xl, e Xy Y1, vt ,yt}duu « oo dugs

< (Lebym(E — G) sup W{xy, -+, %0, 31, -+ =, 9} S e
E-G

8. Countable additivity of m(7).

THEOREM 11. The set function m(I) is countably additive on g, i.e., if a se-
quence of intervals {I,.} C g s such that I;N\I ;=& for i15=jand I=U;_, [,&49,
then m(I) = Y 2, m(I,).

Proof. (1) Since g is a field J, = (I —U}., I,) €g. It can be seen readily that
N2, J.=&. Then since {J,} is a monotonically decreasing sequence,
limy . Jo=0Nyy Jo=&. From the fact that (U}, I)N\J.=&, I=U}., I;)
UJ, and m is finite additive,

n

8.1) m() = m( CJ I,~> +m(J,) = > m(I;) + m(J,) for all n.

j=

J=1

For the proof of the countable additivity of m we only have to show that
lim,., m(J,) =0, i.e. for given €>0, there exists an integer 7, such that
m(J,) <e for n=mn,.

(2) Let J, be defined by s.t, restriction points (x7, ¥7), - - -, (x5, %)
with a restricting set E, which is a Lebesgue measurable subset of R,,,. By
Lemma 6, there exists a closed set G, C E, such that the interval K, defined
by the same s,¢, restriction points and the restricting set G, satisfies m(J, — K,)
<e/2%+1, Let L,=MN'_, K;, and use the closed set which is the intersection
of the restricting sets of K, - - -, K, as its restricting set (the restricting sets
all being raised to the same Euclidean dimensionality). Since L,, J,— L, are
intervals, L,CK,CJ, and m is finitely additive

(8.2) m(J,) = m(J, — L,) + m(L,).

It can be seen readily that J,—L,=J,—N}., K;CUL, (J;—K};), and hence
from the finite additivity of m

€

n n €
(8.3) mUJ,—L)=2Xm{J;—K) <> i <7 for all 7.
j=1 j=1
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(3) It remains to show that there exists an integer n, such that m(L,)
<e/2 for n=Zny by means of Theorem I. Let a>0 be so chosen that for any
interval disjoint from A4,, its measure is less than €/2. To show that L,MNA4,
=& for n=n, for some integer no. Let M,=L,NA4,. Since {L,} is mono-
tonically decreasing, so is {M,,} and limp. M,=N>, M, CN2_, J,=&. We
claim that there exists an integer n, such that M, = & for n =n,. Assume the
contrary, then since {M,,} is monotonically decreasing none of {M,,} is
empty. Let f,& M, and consider the sequence {fn}. By Lemma 5, there
exists a subsequence {f,,} C{f.} which converges to an element f, of Aa.
To show that fo&€ M,, for all n, let n, be arbitrarily fixed. Since { M.} is
monotonically decreasing f, & M,,, for nx=n, Then by the corollary to
Lemma 5, there exists a subsequence {fu,} C{fs} which converges to an
element fgy of M.,,,. For any P&Q, the sequence of numbers {f,,kl(P)} being
a subsequence of {f,,(P)} converges to fo(P). Thus f3(P)=fo(P) on Q, and
fo& M,,,. From the arbitrariness of the choice of 7, fo& M,, for all n;. Now
since fo belongs to infinitely many M,, fo€lim supr.. M,=lim,., M,=&.
This is a contradiction. Therefore there must exist an integer #n, such that
M,= for all n=n,. Then by Theorem I m(L,)<e/2 for n=mn,, and by
(8.2), (8.3), m(J,) <e for n=mn,. This proves the countable additivity of .

BIBLIOGRAPHY

1. R. H. Cameron, Integration in function spaces, Unpublished lecture notes.

2. T. Kitagawa, Analysis of variance applied to function spaces, Mem. Fac. Sci. Kyusyt
Univ. Ser. A vol. VI no. 1 (1951) pp. 41-53, esp. pp. 44—45.

3. N. Wiener, Generalized harmonic analysis, Acta Math. vol. 55 (1930) pp. 117-258, esp.
pp. 214-234.

4. T. Hida, On the uniform continuity of the Wiener process with a multidimensional param-
eter, Nagoya Math. J. vol. 13 (1958) pp. 53-61.

MASSACHUSETTS INSTITUTE OF TECHNOLOGY,
CAMBRIDGE, MASSACHUSETTS



